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Abstract
Simulation performed by using the continuity equation of electrons and positive ions is applied to examine the three-

dimensional formation and the time evolution of an electron avalanche in a cylindrical gas counter. The field made by
space charge is calculated exactly and concurrently by the relaxation method in the evolution. The gas multiplication for
p:roton detection is consistently estimated for an Ar-based mixture by not using any adjustable parameter for geometrical
dependency. Field distofi ion at the time of the finish of the evolution is studied systematically. The distorl ion is concentratcd
in a srnali region of angle in case of a large diameter of the anode. The shape of the distortion is calcLrlated for several
distributions of the initial charge. The distortion is enhanced by the distribution that occupies smali area in the transverse
plain in the avalanche. Change of the lleld distorlion depending on the anode diameter and the initial charge drstribution is
shown quantitatively by these calculations. The transition to a streamer bv the continuous supply of electrons is suggested
to depend strongly on the charge distribution in an avalanche.

Keywords: Gas counter; Avalanche, Simulation; Continuity equation; Freld distorlion; Space charge effcct

1 lntroduction

Distorted field by space charges presents difficulties in
finding a formal solution of the equation describing the ion-
ization growth ofa large-gained clectron avalanche in a gas.
Some nunerical methods fbr simulating the growth of an
electrical discharge had been reported mainly for plane par-
allel electrodes [1,2]. ln order to explain the growth in a
cylindrical gas counter, "self-induced space-charge effect"
was investigated by Mori et al. [3]. In this investigation, the
distorted field was estimated by analytical formula obtained
with the assumption that the space charges were distributed
uniforrnly arollnd the anode with cylindrical symmetry. For
the quantitative study ofthe effects induced by the distorted
field in a cylindrical gas counter, it is necessary to apply a
method considering three-dimensional electric ireld in the
cylindrical geometry. Even in the recent works using Monte-
Carlo method [4,5], the systematic study of the space-charge
effect was not achieved enough because of the rclatively
large load in computing.

Concerning the large-gain region of a gas counter that
contains the proportional and limited proportional region,
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there has been a considerable interest in the rnechanism of
the transition to the self-quenchirrg strearner (SQS) [6]. To
understand the mechanism, it is irnpoftant to investigate the
{reld distortion for a large-gained avalanche. In the present
w'ork, the characteristic curve method with continuity cqua-
tions is applied to study the large-gained avalanche in a
cylindrical gas counter. It is convenient to Lrse this method
for the calculation in the field with a steep increase because
of the use of flexible mesh structure and relatively srnall
numerical error.

2. Method of calculation

The calculating model for the electron avalanche incorpo-
rates electron bombarded ionization, electron drift ing, elec-
tron diffusion, space-charge eff'ect on the electric field and
electron-ion recombination. Photoionization and electron at-
tachment are not considered as rndependent processes. Tl.re
ionization coefficient in."'oh'es the ellbcts of the processes.
Ionic drift is not considered because the time range of this
calculation is relatively small in comparison with the drift
t ime. The external circuit is assumed to have an infinite ca-
pacitance to accept the outptLt clrn'ent. The randomness of
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the number of the initial charges and of the multiplication
factor are not included in this model. For a field with steep
spatial change, the calculation ofelectron avalanches has to
include the dynamic change of electron-swarm parameters
in the short-time development of the avalanche. Fufthermore
the strong distortion of the field should make an inequilib-
rium condition for the electron momentum transfer in the
avalanche. It is not easy to estimate the exact change of the
parameters in the condition. For simplicity, the general ex-
pression of the continuity equation is used with equilibrium
transport coefficients which depend on the electric field and
gas pressure. In the high-field region, this assumption will
cause effors in the quantitative estimate.

2.1. Continuity equation and chcffqcteristic curue method

Electrons and single-charged positive ions are considered
as elemental particles of the discharge in a gas counter. The
continr.rity equations describing the growth of an avalanche
afe

?n-
j j  +  d i v  n , W  -  a n " W  +  D L 2 n ,  -  p s h s h a ,  ( 1 )

: '
+  : x n , l U  -  p , n c n - .  ( 2 )

t  l  
t  F " c ' - - \

where n" and n1(cm*r.l are the electron and positive-ion
densi t ies,  W(: lWl)  (cmls)  is  the dr i f t  ve loc i ty  of  e lec-
tron. a( 1/cm) is the Townsend first ionization coefficient.
D(crn2is) is the electron diffusion constant and p.(cm3/s)
is the recombination coefficient. Secondary electron gener-
ation at the surface of the cathode electrode due to photon
incidence is assumed to be negligible. The existence of ex-
cited neutral molecules or atoms and negative ions is ex-
cluded for simplicity.

The characteristic curve method is adopted to solve the
equation numerically [1]. The following equations are de-
rived from Eqs. (1) and (2) by temporary omission of the
diffusion and the recombination terms.

n"( r , t  I  A l )  :  a .1r  -  W Lt , r )  exp( lAr) ,

A = a W  - d i v W ,  ( 3 )

n a ( r , t  +  A l ) : n + ( r , t )  +  a w n " ( r  -  W L t , t ) L t .  ( 4 )

The particle density is calculated by using Eqs. (3) and (4)
on the coordinate system moving on the characteristic curve
that goes along the drift movement ofparticles. On a position
given by going back to / from t + Lt, the required values
of the particle density are found by the volume-weighted
interpolation using values on the crossing of the lattice. The
parameters a and ll are defined by using the electric field
strength E(V/cm) obtained by interpolation with weight of
volume in the space lattice.

The divergence ofthe drift velocity vector is obtained ap-
proximately on the assnmption that the infinitesimal changes
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Fig. l .  Space latt ice used for representation ofan avalanche in a
gas counter and geometrical amangernent of electrodes.

of azimuthal and axial components are small:

d,w-A*%-
r  cr

where 14( (cm/s) is the radial component of the drift vector.
The change of electron density by diffusion is obtained

by using an equation

where the effect of the radial diffusion is assumed to be
negligible as compared with the drift effect. The equation is
converted into a differential equation to obtain a numerical
solution.

The change of the electron density by recombination is
calculated by the equation

Lf i r , r :  -  pensnaLt .  ( j )

The space in a gas counter is divided into mesh as shown
in Fig. I schematically. The region of the lattice used in
the calculation for the parlicle densities is restricted within
the maximum radius (r,,, : l mm) to reduce the load on the
computer. In the outside region (r)r-), the electric field is
not suficient to generate ionization. The calculating limits
along z-axis and the azimuthal circle (l mm x 360o) are
divided into 20 and 40 meshes.

The radial limit is divided into 70 meshes between anode
radius and r-. The outer region extending to the cathode sur-
face is divided into l0 meshes for the field calculation. The
intervals of the radial meshes are made to be proportional to
radial position r. This means that the intervals have a fixed
value on the logarithmic scale of radius. The cathode radius
is set to 6 mm for comparison with experimental data.

( 6 )
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in Ar-based mixtures. Solid line is
this work.

The electric fie1d is obtained by the relaxation method to
satisfy Poisson's equation in the three-dimensional iattice
structure. In the method, the effect of the induced charge on
the surface ofelectrodes is considered. The field calculation
is performed once in several A/ steps of the calculation in
order to consider change ofthe space-charge effect.

2.2. Electron swarm parumeter

The swarm parameters are evaluated in this work for
an Ar-based gas mixture (Ar : CHa : CzHsOH :4j :4j :6)
at atmospheric pressure. The electron drift velocities in the
mixture are estimated by using the previous experimental
data for Ar-based mixtures 17-91 as shown in Fig. 2, on
the basis of comparison with the data measured by Widodo
et al. [10] for a similar mixture. The ionization coefficjents
are synthesized with a set of equations of the first degree
which forms a polygonal line. In order to decide the co-
efficient in the equations, the gas multiplication factor is
calculated simply for several cases of the line by using an
integration of the ionization coefficient along the evolution
of an avalanche. The line rs adopted which gives consistent
values of the multiplication factor in the proportional region
rn comparison with the experimental data. The experimental
data are given by extrapolation using the data in the large-
gain region described in Section 3. The data are corrected
by a modification, considering the effect of the pulse shape
ofthe current [11] that f lowed out t iom the anode ofthe
counter. The result of the estimate is shown in Fig. 3 with
tlre prcvious experimental data for Ar and CH4 Ll2,l3l.

The diffusion coefficient D of electrons is approximately
defined as the product of the electron mobilitv rl and the

325
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where drift velocity of electrons is given by a set of simple
functions. The characteristic energy is fixed to 7 eV for the
gas mixture in this work because the change in the energy
is small in the field region of interest. The recombination
factor is established as a constant value of l0-7 cm3/s for
simplicity.

2.3. Principal Jlow oJ'the calculation

The initial charges are arranged around a point located on
0.65 mm apart from the anode in radial direction, lB0" az-
imuthal angle and 0.5 mm axial distance as sholvn in Fig. 4.
The distribution (a) is used as a standard in the present cal-
culations. The dimension of homogeneous density area for
the distribution is 0.2mm (r) x l8' (6) x 0.2mm (z). The
distribution (b) is just on the point. In rhe cases of (c)-(e),
the distributions have 0.5 mm length in r,0 andz directions,
respectively. This length is approximately corresponding to
the maximum range of 5.9 keV photo-electron emitted in the
gas. These distributions are utilized in the calculation for
50 prm anode diameter in order to study the effects of initial
charge distribution on the gas multiplication.

The total number of the initial electron-ion pairs is set
to 197. The particle densities are calculated from Eqs. (3)-
(5) and (7). After the calculations for all latice poinrs, the
contribution of electrolr diffusion is obtained by Eq. (6).
These calculations are repeated until the total electron charge
became small (0.1%) compared to the init ial value. The
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number of repetit ions was typically 1000 in almost all cases
of this work.

Near the anode surface, the time step Ar must be small
because of small space mesh and fast electron drift. The
space to be calculated is divided into three cylindrical re-
gions with different values of infinitesimal change of time
Al. In the itrner region, the valr,re of Al is smaller than that
of the or,rter rcgion by a factor of integer. The calculations in
the outsr region are performed after the repetition of those in
the inner region in order to get a matching in the time scale.
The boundary condition on the surface facing the outer re-
gion is kept constant during calculations for the inner region.
The inversed-graclient of the electric field frequently makes
an instabil ity of the calculation. The instabil ity extends to
an overflow of the variable for the number of parlicle. In
order to avoid the instability of the calculation in the re-
gion with large field distorlion, multiplication is prohibited
at the position 'uvhere the value of field gradient is less than
2.0x 107 V,'cfi)2. ln other words, the ionization coelicient is
made to zero in the region. By this procedure, the accumula-
tion ofcharged particles is avoided for an inversed-gradient
region of the electric field. The multiplication is also pro-
hibited in the area where the electric f ield is less than 10%
of the initial value of the field. The area where the multi-
plication is prohibited coresponds to the plasma area in the
two-region model studied in previous works [14].

3. Results and discussion

3.1. Time euolution ond oas multinlication

The result of the time evolution of an avalanche is shown
in Fig. 5 for 50 pm anode diameter. The anode voltage was
set to 2400 V for this calculation. The size of the closed
circle shows electron density in the logarithmic scale that
becomes zero at I 0 

- I 5 C/cm2 . The maximum charge density
that was given at the anode surface was about 10 s C cml
fbr this anode size. After the quenching of the avalanche, the

2 nsec
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6 nsec

rilllllllir
10 nsec
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Fig. 4. lni t ial  charge distr ibutions
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Fig. 5. Time evolut ion of an avalanche rn a cyl indrical gas counter.

azimuthal width of ion distribution was about 62' in FWHM
for the initial distribution (a). The estimate was achieved by
integrating the space charge in the direction of z-axis. The
width on :-axis, which was grven by integrating the space
charge in the azimuthal direction, was 0.35 mm. In most
cases of calculations the evolution was terminated on the
surface of the anode as shown in Fig. 5. The positive charge
density and radial electric fielci strength on the center axis of

' 1  mm
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Fig. (r.  Posit ive charge distr ibution (thick sol id l ine) and elec-

tLrc f ield strength (normal sol id l ine) on the center l ine along the

avalanche evolut ion at the end of the mult ipl icat ion. The f ield with-

out spi lcc charge is drawn by dotted l ine. The distorted f ield goes

clown to negative value at the anode surtace tbr 2500 V anocle

vo l tagc.

the quenched avalanche are displayed in Fig. 6 for 2100 and
2500 V anode voltage. Thc radial component of the electric
liclc1 without space charge is drawn by a dotted line. The
spacc-charge effect is creating a low-field region near the

slu'f-ace of the anode. For anode voltage of 2500 V, the field is
changed to minus value. The field is not only weakened near
thc irnode surface but also enhanced in the outside region
of the charge distribution. The restriction for stability of
calculutiou makes the ion density flat in the high-field region.
Thc saturated value of the ion density is about l0 5 C/crn:'.
Thc starting point of ionization can be identifled in the figure
as a steep rise in ion density at the radius of about 0.3mm.

The results for avalanche size are shown in Fig. 7(a).
The closcd circles show experimental results which are cor-
rectetl fbr the effect of rising time of current pulse. Dot-
tcd lrne is the result with disregard for the space-charge ef-
t'ect. The space-charge effect in the rnultiplication can be
recognized to have difference for the different anode diame-
ters. That is the saturation effect which is relatively large for
a snrall diameter anode. The change in the avalanche size is
about one decade in the saturation region for 50 ptm anode
diametcr. For a large diameter, the change is not as large as
the lcsr"rlts for the thin anode. In all cases of anode diameter,
thc slopc of increase in the gas gain changes in the higher
voltage region as indicated by the dashed line. This increase
in gas gain is caused by the partial distortion of field as
dcscribcd in the next section. Overall agreement of the cal-
culation with the experimental data can be achieved for dif-
fercnt anode voltages and different anode diameters with no
gcornetrical parameter. The systematic discrepancy between

(b)   2000 2500        3000        3500        4000

Anode voltage oノ)

Fig. 7. (a) Avalanche size for an Ar-based gas mixture at large-gain
legron fbr ))Fe X-rays detection. The closed circles show experi-
rnental data. Solid and dashed lines show the result of the calcula-
tion. Dotted l ine is the result with disregard fol the space-charge
eti 'ect. (b) Nonnalized radial component of the electric f ield on the
surface of the anocle.

experiments and calculations appeared for 100 and 125 pm

anode diameters. This seems to be caused by the real diam-
eter of the anode which is different from the value called

in commercial. The saturation of experimentai data is under

the influence ofthe fluctuation ofthe avalanche size caused

by statistics of initial charge and multiplication. Because the

calculations are not including the effect offluctuation ofthe

avalanche size, the comparison may not be simple between
the calculation and the experiments. After the quenching

of the discharge, radial component of the electric f ield E,n

on the surface of the anode is shown as a function of the

anode voltage in Fig. 7(b) for the center of the avalanche.

The plotted values of the fleld strength are normalized to the

fields without space-charge eff'ect Er.uo- In connection with

the streamer transition advocated by Meek [15], the anode
voltage Q giving zero field on the anode surface is useful

as an index for checking the characteristics of drscharge in

the transition region. The field distortion can be compared

for different geometries by using this zero field voltage [i.

3.2. Field distortion

ln order to study the field distortion rvhich appearsjust af-

ter the quenching ofthe discharge. the voltage Li described
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Fig.8. Contour maps of the ion density, electric f i,eld Er, Ea, E,
ar.rd absolute value of the field for 50 pm anode diameter.

above is set for the respective anode size. Contour maps of

ion density, electric field component of the r direction, the

component of the 0 direction, the component of the z direc-

tion and absolute value of the field strength are shown in

Fig. 8 for 50 pm anode diameter. The voltage V'was2450V

in this case. The two figures have horizontal axes of 0 and z,

respectively. The veftical axis is the radial distance scaled in

logarithm. Here, FWHM is 63' in the 0 direction for the dis-

tribution which is integrated in the direction of z. The width

is 0.35 mm in the z direction for the distribution integrated in

the direction of 0. Electric field on the surface ofthe anode

is decreased to zero by the space-charge effect as described

in the definition of V,. The electric field components in the 0

and z directions are working for gather the discharge to the

center. But, the strength of the fields is much less than the

component of the r direction. It is remarkabie that the field

strength is enhanced over 120%o in the outer region of the

i o n d i s t r i b u t i o n ( r - 5 0 p r n , 0 :  i 8 0 o ,  z : 0 . 5  m m ) .  T h e  i o n

density and the field distorrion tbr 200 pm anode diameter
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Fig. 9. Contour maps of the ion density, electric held E,', Ep, E'

ancl absolute value of the field for 200 Ltm anode diameter.

are shown in Fig. 9. The voltage V' is 3590 V. FWHM is 32'

in the fi direction and 0.21 mm in thc z direction for the dis-

tributions described above. In the figure, the field strength

for 200 LLm anode diameter, the enhancement of the field is

localized in the small area. A concentrated distortion in a

small angular area is presented for a large diameter anode

in a comparison between Figs 8 and 9.
The effect of space charge is displayed in Fig. 10 as the

difference between the real field strength and the strength

with no space-charge effect. The calculation was achieved

for several anode diameters by using the anode voltage 4 in

order to make comparison in similar condition of the field.

The distortion of the field is dispersed for a small anode

diameter in the 0 direction. The dispersion width for the

200 pm anode is about one-halfofthat for the 50 pm anode.

The distortion of the electric field is shown in Fig. 1 I for sev-

eral initial charge distributions. The anode voltage was set

x1o -6  c / cm3

x1 o4 v/cm

EO    x103 v/cm

1  x10 - "  C / cm '

x'1 o4 v/cm
5

6

7

8

l -

I
x10  V / cm

z  ( m m )
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Fig. 10. Contour maps of the difl'erence betweerr the
and the initial strength with no space-charge effect
anoclc diameter.

to 2448 V for these cases with 50 prrn anode. The enhance-
ment of the freld on the outer region of charge distribution
is remarkable for the distribution (b) and (c). It is clarified
that the distortion is enhanced by the distribution that oc-
cupics a small area in the transverse plain of the avalanche
cxpansion. The enhanced field is about 5 x 104 Vicm for the
distribution (b) and (c). lt is two times larger than that tbr
d is t r ibut ion (e ) .

The extension of the dense charge region is shown in
Fig.  12 for  6,8,  10 and 12ns on which t ime scale or ig i -
nates the initial charge drifting. The anode diameter was set
to 200 prm and the anode voltage was set to 3110 V. By this
anode voltage, the avalanche is changing mode described
above as a steep increasing of the avalanche size. This is
caused by the partial distortion of the field and the supplied
clectrons flowing into the avaianche as a tail of the space
distrtbution. The shape of the extension looks l ike that of a

9 0  1 8 0  0 . 5  0
0  (deg. )  z  (mm)

Fig. I l. Contour rnaps of the difference between the field strength
and the initial strength with no space-chargc effect for dilTerent
initial charge distributions.

streamer. Fufthermore, the self-quenching of the extension
can be observed in the figure. Because there is no supply of
slectrons made by photoionization in the calculation, the dis-
charge is expanded very slowly compared with real forma-
tion of a streamer (which is termiuated in sub-nanosecond).

The avalanche size is saturated by the decreasing field
strength near the anode surface, and also increases steeply
in higher voltage region by tlie space-charge effect. The ef-
fect was studied in detail for different initiai charge dis-
tribution. The avalanche sizes are displayed in Fig. 13 as
functions of anode voltage for the distributions shown in
Fig. 4. For distributions (b) and (c), a large discharge in
high-voltage region. This is caused by the partially distorted
field at the onter side of the charge distribution. As de-
scribed above. the real fluctuation of the avalanche size in-
cludes the statistical fluctuation in addition to the effect of
charge distribution shown in Fig. 13. In the real observation,
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Fig. 13. Avalanchc size in an Ar-based gas mixture tbr dif ferent
charge distr ibutions. Tl ic indices (a)-(e ) are the sarre as those for
F ig .  4 ,

calculation, t l-re distorl ion of electric f ield is cstirnated in the
three-dimensional space of a coaxial cylinder. The simula-
tion is in good agreement with experinrental result for gas
rurtLlt iplication f-actors in the semi-proportional fcgior. Thc
more concentrated distortion in a small area is prescnted fbr
the larger diameter of the anode. Not only the deviation of
thc avalanchc size but also the arrangement of the init ial
charge distribution is shown to hal'c a remarkable role in
the space-charge elI'ect. This means varieties of thc distri-
bution should ber considered as one ofthe conditions for the
transition to a streamer in a gas counter'. The cff'ect mal<cs
dill'erent types of contribution for the avalanche fonnation
in two regions of the anode voltage. For lower voltage re-
gion. an avalanche with surall expansion in t? and z direc-
tion loses gain by the field distorl ion. On thc othel hand. for
higher voltage region, the same charge distribution makes
too large a discharge to get a stable soh"rtion in the calcula-
tion. The field distortion can be grown suil iciently to cause-
the streamer transition, if clectrons are supplied continu-
ously. This means the distortion in an avalanche makes the
streamer transition. The condition to reach a streanrer transi-
tion can be examined r,vithout consideration of the electrons
supplied after the increase in the discharge.
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the effect of changing of the initial charge distribution is not
seen clearly since the effect ofthe fluctuation by statistics is
dominant. The effect of the initiai charge distribution can be
seerr clearly by this calculation without rnixing with others.
It is expected that both change of charge distribution and
avalanchc size are effective on the probability of transition
to the large discharge mode. By the rapid supplying of elec-
trons flowing into an avalanche after the increasc, this mode
should mean the self-quenched streamer.

4. Conclusion

A numel ica l  mcthocl  l ras been appl ied for  an cxarni r ra-
tion of large-gained electlon avalanche in a gas counter
by using equilibrium swarrn parameters. As a result of the
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